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B crarbe npueeaeH KPATKMM 0630p MATEMATUYECKMX MOAESAEN, NUCMOAL3YEMbIX B KOMMEPYECKMX CUMYASITOPAX
TMAPOPA3pbLIBA NMAACTA (MPI1). B ocHOBE paCCMATPUBAEMON MATEMATUYECKOW MOAEAU AeXT PKN-MOCTAHOBKA,
OMUCLIBAIOLLLAST OAMHOYHYIO BEPTUKAABHYIO TPELLMHY. TOKA3aH npouecc G¢opMUPOBAHUS TpeLUMHbI [P npu 30-
KQAYMBAHWMM B CKBOXKMHY BSI3KOW SKUAKOCTU C MPUMECHIO YACTULL. [TPEAAOKEHO MOASAL PA3BUTHSI TOELLWMHBI C YHETOM
NOTEPb XMAKOCTU HO MPOCAYMBAHKME B MOPUCTYIO CPEAY U MOAEHMS B3BELLEHHbBIX YOCTULL MOA ASMCTBUEM CUAbI TSI
KeCTn. [MpoBeAeH ASTAOABHBIN AHAAM3 POCTA OCAAKA, OBYCAOBAESHHOIO MPOCAYUBAHUNEM XUAKOCTU [Pl B MOPUCTYIO
cpeay. NokasaHO, YTO HOAMYKME HYOCTUL, CYLLLECTBEHHO BAMSIET HA MPOLLECC PACKPbITUS TRELLMHBI. POCT TRELLUMHBI
NPU HOAVYUN HOCTUL, OFPOHUYEH, OKOHYATEABHOS €€ GOPMA 3ABMCUT OT COCTOBA CMECUK M CNOCODA 3AKAYKN —
AQBAEHMST HO BXOAE, OOBEMHOTO COAEPXKAHMUST YOCTUL, OObEMA OTOPOHKM (YUCTOM XUAKOCTM [PIT 6€3 npumech).
Bce a1 GaKTopbl yUUTBIBOKOTCS B MPEAAOKEHHOW MOAEAN. ACHO OMUCAHWE PELLEHMS 30AAQ4M O paAcHeTe NAPAMET-
OB BEPTUKAALHOW TPELLWHbI [P AAS PEAABHOM CKBOXKMHBI. BLITOAHEHO CPOBHEHWE C PE3YALTATAMU PACYETOB, MO-
AYYEHHbIX HO 30pYBEXHOM AHAAOTE MOAEAU. PE3yALTATHI PACHETOB MO3BOASIKOT OXAPAKTEPU3OBATL OCTATOYHYIO
GOpPMY TPELLMHbBI MAM MOAOBPATE TEXHOAOTMYECKME NAPAMETPLI NPpK NpoBeaeHWn PIT.
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The short overview of the mathematical models used in commercial simulators of hydraulic fracturing is provided
in work. At the heart of considered mathematical model the PKN statement describing single vertical crack lies.
Process of forming of crack of hydraulic fracturing at injection in well of viscous liquid with impurity of particles is
shown. The model of development of crack faking info account fluid losses on leakage in porous medium and fal-
ling of suspended particles by gravity is offered. The detailed analysis of growth of the deposit caused by fluid se-
epage of hydraulic fracturing in porous medium is carried out. It is shown that availability of particles significantly
influences process of disclosure of crack. Crack growth in the presence of particlesis limited, its final shape depends
on blend composition and way of downloading — inlet pressure, the volume maintenance of particles, bank vo-
lume (pure liquid of hydraulic fracturing without impurity). All these factors are considered in the offered model.
The solution of task on calculation of parameters of vertical crack of hydraulic fracturing for real-life well is described.
Comparison with results of the calculations received on foreign analog is made. Results of calculations allow to
characterize residual form of crack or to pick up fechnology parameters for achievement of desirable results af
formation fracture.

88



Marematnyeckoe MOAEANPOBAHME N KOMIMbIOTEPHbIE TEXHOAOINMU B MPOL,eCCax
PA3pabOoTKN MECTOPOXXAESHUN

B Hacrosiiiee Bpemst 00NbIIOE KOJIMYECTBO CKBAXKUH 3KCIUTyaTUPYETCS C MPUMEHEHUEM
TexHosorvu rugpopaspbisa macta (I'PIT). B otaensHbix ciyyasx nposeaenue ['PIT mosker
NPUBOJIUTH K HETATUBHBLIM MOCJIE/ICTBUSIM, B YACTHOCTH, PEKIEBPEMEHHOMY OOBOJIHEHUIO
CKBA>KWHBI B Pe3yJIbTaTe MPOPbIBA MO TPELMHE HATHETAEMbIX UJIM MOJOIIBEHHBIX BOA. 7151
OLIEHKH U MPEeIYyNPeKIeHNs MOJOOHBIX MOCIEICTBUM, & TAKXKE B LIEJIOM [1J151 TOBBILLIEHNS yC-
newHocty nposeenus I'PIT n MuHMMU3aLmm pUcKoB LIMPOKO UCTIONB3YHOTCS CUMYJIATOPbI
I'PIT — cneupann3upoBaHHOE MPOrPaMMHOE OOECTIEUEHNE,, TIO3BOJISIIOLLIEE 110 HAOOPY BXO[I-
HbIX IAPAMETPOB PACCUUTATH NTEOMETPUYECKUE MAPAMETPbI TPELLVH, pa3paboTaTh PEKOMEH-
fauyy i1 npoBeieHust onepanyi. PyHKIUMOHAT CylecTBYrommX cumyJsitopo ['PIT
BKJTFOYAET MHOXKECTBO OINMUMI, OCHOBHBIE U3 KOTOPbIX MpUBENeHbI Ha puc. 1 [1]

PyHKkumoHan cumynatopoe PN
1

v
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Puc. 1. OcHoBHoOl pynknuonasa cumyiastopos I'PII

[TockonbKy anpuopHast MH()OpMaLsi O Pa3BUTUU TPELLMHBI U €€ napameTpax Tpy/-
HopjocTynHa, npu nposefiennu I'PIT nenecoo6pa3Ho onrpathbCst Ha pe3yabTaThbl MOJIEII-
poBaHus B cumynsTopax. OHAKO CIIOXKHOCTb MPOUCXOMSIIMX B IMJIACTE MPOLECCOB
(nedpopmanum), UX HENMMHEMHOCTD U CUJIBHOE B3aMMHOE BIIMSIHAE OOJBIIOTO Ynciia hak-
TOPOB JIEJIAIOT 3aTPYAHUTEIILHBIM CO3/IAHME EIMHON Mofiesn. B o0em ciryvae st onu-
CaHusl TEOMETPUM TpEWMHbI TpeOyeTcsl Y4YeT HaNpsKEeHHO-Ae()OPMUPOBAHHOIO
COCTOSIHUS1, BJIUSIHUSI COCTOSIHUSI CKBayKMHbI U niepdpopaliui, KOHCTPYKIUKA 000py/10Ba-
HUS U PEXXUMOB 3aKAUKU >KUJKOCTH pa3pbIiBa, COCTAaBa U CBOVICTB NOPO/Ibl, yYeTa COOCT-
BEHHOH TPELIMHOBATOCTHU MOPOAbI U Ap. MHOroakTOpHOCTH Mpouecca 00pa3oBaHusI
TPELUH 00YCJIOBIMBAET UCIIOJI30BAHUE PA3JIMYHBIX MATEMATUYECKUX MOJIENEN (OHO-
MEPHBIX, IBYMEPHbBIX, TPDEXMEPHBIX U NMCEBJOTPEXMEPHBIX).

TeopeTuyeckue acnekTbl, onuchbiBatolye (popmuponanve TperyH I'PIT, Obum paccMoT-
peHbl B cepeiuHe XX Beka [2—4]. TpeliyHbl B pyHIaMEeHTATbHBIX HAyUHbIX paboTax Mmpej-
CTaBJIEHbI B BUJIE IJIOCKMX CEYEHWI, UX PACHpPOCTPAHEHUE BO3MOXKHO B MPOJIOJIBHOM
HaIpaBJIEHNM, TAK>KE BBOIATCS [OMYLLIEHUS B OTHOLLIEHUH JITHEMHBIX Pa3MEPOB CAMOW Tpe-
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MHbL. HeMMHENHOCT ypaBHEHNI, UCTIOIB3YEMBIX JIJIS1 OMMCAHMST IPOLECCA 3aAPOXKJIEHUS,
pa3BUTUS U POPMUPOBAHNS OCTATOYHOIN (DOPMBI TPELLMHBI, HAKJIABIBAET CYLIECTBEHHbIE
OrPaHUYEHNs HA IPUMEHEHUE YKUCIIEHHBIX CXEM, IPUMEHSIEMBbIX [IJIs1 PELLIEHUS] 3TUX yPaB-
HeHu. Hu3kast cXoMMOCTb NPUBOJUT K CYLIECTBEHHOMY YIPOLUCHUIO BbIYMCIIUTEIIbHBIX
CLICHAPHEB, YAaCTO K YMEHBIICHUIO Pa3MEPHOCTU CaMO¥ 3aJ1aui U PACCMOTPEHUIO €€ KaK
COBOKYITHOCTH OTJEJIbHBIX NpoueccoB. [IpuMepoM MOXKET Cy>KWUTh 3aj1aya O MOBEJICHAN
TPELLMHBI B OKPECTHOCTY €€ «HOCUKA».

PaccmarpuBasg knaccu@ukaumio CyLECTBYIOIMX MATEMATUYECKUX MOCTAHOBOK,
MOYKHO BbIJIEJIUTh YEThIPE OOJIbLINE TPYMIIbI [0 MPU3HAKY I€TAIN3alUU ONUCHIBAEMOTO
npouecca 1, Kak CIIEICTBUE, PA3MEPHOCTH YPABHEHUI, BXOJIALLMX B cUCTEMY [5, 6].

B ogHOMEPHOI MOCTAHOBKE JJABJIEHME B TPELMHE U €€ IIMPUHA CBSI3aHbI MEXKITY COOOM
anreOpanvyecKy Ui MHTErpaibHO. [IoBbIIIEHNE Pa3MEPHOCTH MOJIENIN HA EIVHULLY TPU-
BOJIUT K ONKCAHUIO CUCTEMBI C UCTIOIb30BAHNEM TEOPUHU TUIOCKUX Jepopmauun. Han-
00J1€€ CII0>KHBIE BAPUAHTBI C MCNIOJIb30BAHMEM TPEXMEPHBIX MOJIEIIEN MTO3BOJISIFOT TOUHEE
OnKcaTh NPOLECC PAa3BUTHUS TPELLMHbBI, CIIPOTHO3UPOBATH €€ F'€HEPAIILHOE HAIPABJICHHUE,
OJJHAKO B HACTOSIILEE BPEMSI OHU UCIIOJIB3YIOTCS PEIKO BBUY CJIOXKHOCTHU BIYUCIUATEb-
HbIX aJITOPUTMOB U CWJILHOIN HEMHENHOCTH. Ha npakTrke yaile NpuMeHsIFOTCS TaK Ha-
3bIBAEMBIE TICEBIOTPEXMEPHBIE MOJIENN, B KOTOPBIX FT€OMETPYS TPELMHBI ONMCHIBAETCS
BCE TEM XK€ IIIOCKUM CEYEHHUEM.

B cyiiecTByOIMX KOMMEPUYECKUX CUMYJISITOPax HanOosiee paclpOCTPAaHEHHBIMUA MO-
nensmu tpewuH sBistorcs: Planar 3D u Pseudo3D. HecMmoTtpst Ha npeanosioxkeHue
0 TJIOCKOM MPOUIIE TPELLMHBI B ICEBOTPEXMEPHBIX MOJIEJISIX , MOJIEJIb TUIAHAPHBIX (WJTU
NJIOCKKX) TPELIMH MO3BOJISIET PellaTh NPUKJIA[HbIE 3a/Ja4l CO CIIOKHON CTPYKTYpOW
TPELMHbI, PACCMATPUBATD JIBYMEPHYIO 3a/1a4y MOTOKA, & TAK>KE OMUCHIBATH JBUKEHUE
NPUMECHU YaCTUI] 110 TpewuHe [7, 8].

HecmoTpst Ha TO, YTO PBIHOK NPOrPAaMMHOIO 00ECIIEYEHUS HACBILLIEH PA3HOOOPA3HbIMU
cumyJgisitopamu I'PIT, HayuHast iesiTelbHOCTD B JTAHHOK ccpepe He TepsieT CBOEN akTyallb-
HOCTU. M3 nocaeHnX 3Ha4MMbIX POrPAMMHBIX KOMIUIEKCOB, IO3BOJISIFOLUX MOJEIUPO-
Bathb ['PII, crout ormeTuts cumynsarop I'PIT B coctase komruiekca PH-I'PU]T komnanun
«PocHedtb» [8] 1 mpoekT «Kubepl PII», KOTOphI peanu3yeTcs: B HACTOSIIEE BPEMST HA
0a3e Hayuno-texunueckoro uentpa (HTLL) «I'aznpom vedpti», MOTU, CKOIKOBCKOTrO
WHCTUTYTa HayKu U TeXHOJorui, CaHkT-IleTepOyprckoro noJMTeXHUYECKOro YHUBEPCH-
teta, MIHCTUTYTa r’UIpOMHAMUKY ITPU yYacTu MUHMCTEpCTBA HAyKU U 00pa3oBaHusi PD.

OpHYM 13 HanpaBJIeHUI UCCIIEOBAHUI, KOTOPbIE CIOCOOHBI paCIIMPUTD (PYHKIMOHAIT
NPOrpaMMHOr0 o0ecTieueHus, siBisieTcs: MopeapoBanre TpetuH ['PII ¢ yueTom BnusiHust
BA3KOW CMECH HA NOBEICHUE TPELMHBI. [JaHHOE HanpaBJIEeHNE NPEICTABIISAETCS OCOOEHHO
BA>KHBIM BBHJ1y HETOCTATOYHOW TEOPETUYECKON U3YUYEHHOCTH MTPOLIECCA, & TAKXKE OTCYT-
CTBUSI IOCTATOYHOI'O KOJIMYECTBA aIPUOPHON MH(OPMALMK O Pa3BUTHU TPELLMHBI HETIO-
cpencTtBeHHO B muacte. [Ipym TakuMx ycinoBusIX MaTeMaTUYeCKUH anmapar s
MIPOrHO3UPOBAHMS PA3BUTHS TPELMHBI MOXKHO CUATATh €BA JIM HE €JUHCTBEHHBIM JICH-
CTBEHHbIM MHCTPYMEHTOM, O3BOJISIOILM CTPOUTH NPOTHO3HbIE CUCHAPUM.
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PaccmoTpuM HEKOTOpPBIE Pe3yJIbTaThbl POBEIEHHBIX ABTOPAMU HAYYHBIX UCCIIEIOBAHNU,
BKJIFOYAIOLLMX MATEMATUYECKYIO MTOCTAHOBKY 3a/1a4M JIJIs1 OJHOMEPHOT'O CJTy4asi, ONMCaHNE
nBrkeHus npomnmnadTa no tpewmbe I'PIT u onpepenerre octaTouHoi (popMbl TPELLMHBI
C yueToM npouecca (puibTpauroHHbIX yTeuek kupkoctu ['PI1 B mopony [9].

JIns1 onrcanusi BEpTUKAIBHON TPELVHbBI Pa3pbiBa B padOTE NCMOJb3YETCS TOCTAHOBKA
PKN (Perkins, Kern, Nordgren) [4]. [151s1 3a/1aH1sl TOKaJIbHON 00JIACTH TPELMHBI BBOJISITCS
30Ha (PUJIBTPALMOHHBIX yTEYEK Y 1 CBOOOHAS OT OCaKa 30HA €, HAJIMYME KOTOPOM onpe-
IETISIET CYLIECTBOBAHME PELLIEHUS 33/Ja4/ B MATEMAaTUYECKOM CMbICie (puc. 2). [1iist reo-
MeTPUYECKUX pa3MepoB L, O B pacCcMaTpUBaEMOil MOCTAHOBKE MOCTAHOBKE CIPABEIJIMBO
cooTHoireHune: O << h << L (h— BbicoTa TpeluHbl). CepbIM LIBETOM Ha puC. 2 0003HaYeHa
0071aCTh (POPMUPOBAHKS OCAJIKA 34 CUET MPWIUIAHUS AUCTIEPCUOHHON (pa3bl K CTEHKaM
TPELVHBI Y MIOCIIEAYOLETO CTEKAHWSI.

&

|
|

Puc. 2. CxemaTu4yHoe npeacrasaeHue Tpemuabl I'PIT

OcHoBHasi cucTema ypaBHeHUi umeeT B [9]

@_I_a(su)_
ot dx

a_s+a(eu)=_ 2 N
ot 0x l-a 1-a

-2v;

8(a£)+a(a£u)=_ 2a yo (1)
ot ax l-a 1-a
u=_L62£;
12n, ox
w_v
at B

7€ U — CPEAHsAS CKOPOCTb MOTOKA CMECH, 0L — OTHOLLIEHNE OOBEMHOM JOJIN >KUIKOCTU
I'PIT kK 0ObeMHOMY COIEP>KAHUIO IMCNIEPCHOM (Pa3bl B OCEBLIEM CIIOE.

91



Marematnyeckoe MOAEANPOBAHME N KOMIMbIOTEPHbIE TEXHOAOINMU B NPOLLeCCax
PA3pabOoTKN MECTOPOXXAESHUN

DBEEE@ T+ a> WIOXC @ QRQ = O - o

Palettes | Workbook 4 Math  Drawing P Animat Hide
br{\u’fﬁ i A b

P Expresson [) T ~
b Calouls LEREE N RUERE ve:=d[i) /y[i): LR

if (e[i)<=0 and d[i]>0) then wr:=0:cl:=0:fi:
aen:=a[i]-Grde* (qi+l]~q[i]) /de=G/B/ (1-a[i]) *vrtdt:
if (an<s0 and d[i]>0) then en:=0:cl:=0:fi:
yyn:=y[i]*2+2*dt*d[i] *cl:yn:=abs (yyn)}*(1/2):

| I Common Symbols
W Viarisbles
Wariable Valuz

agl:=a(i-1])*q(i] raq2:mai) *q(i+l]:
ae:mafi)vafi):as:=ai):

oo ® Y - aon:=ao-G*dt* (ag2-aql) /dx-G/Bras/ (1-as) *vrdt:
| ] e mxbie(]: 2 } -
| I -|::q=|u:-||:w|.nou.mn:“!ln, ff {en>eps) then an:=aenfen:fi:
B Matrix Hoi Ly if (en<eps) then an:=as:fi:
geaens " J ) dn:ed[i]+(en-e(i])+as/(1-as) *G/B* (yn-y[41]) :
e et nEs
I Linits FPS) =3rdt y
| it s A— is |r:I'|| Then a[1]:m0:04: Ll

Af (txtl) thes ali):=hifi

P Layout W [nend) she dfl::“-nm:::

= 8f resedyl them
P Greck T -..dlldl-.ﬂln:_:-ﬂ:ll:
I Components :-.l ‘:n;::Eg v."l:v
[ Lomilels

wr il [0y )

b {efijo=0 snd A[L]1¥90 ehan woi=Digli=d gL
wniwg [L] -G08 (qIa+1l-qla)] fde -G B (1-a[d]) Prredt:
M femi=d and A1L]X0) them mnce0:cli=d:fi;
yymimyli] “TeRbdnad (4] 5 el sy mabs (yymd =173 :

sqlimafa-1]fqla) cagdomalu)rqiarl):
wmcmafi]*e(L] imncmalil:

A | mad- 0T EL (8l -agl] Fda -G/ B an/ | Loaa] trrtdi
Al Cenlapsl thea an:=sss’en:fi

At [em<eps] thes an-sas:fi:
An:mdii]vjanca]i] ) sans (2-as) 3 80 iyR-¥ (A1)

Puc. 3. ®parMeHT Koa NPOrpaMMHO-BbIYMCIUTEIBLHOIO MOAYJISt

Cucrema (1) nccnegoBaHa YMCJIGHHO C MCIOJIL30BAHUEM SIBHOM cXeMbl. Peanm3anmst
MaTeMaTUYEeCKOW MOJIEJIM BBINIOJIHEHA C UCIIOJIb30BAHUEM CUCTEMbI KOMIIbIOTEPHON Ma-
temaTuku Maple. ®parmMeHT paboyero OKHa MporpaMMbl OKa3aH Ha puc. 3.

ITpoBepka aiIeKBaTHOCTU PELIEHUS BBINOJHEHA C UCTIOJIBb30BAHUEM PE3YJILTATOB MO-
[IEIMPOBAHKS B KOMMeEpUYeCKOM cumyJiaTope MFrac. B kauecTBe BXOJHbIX [TapaMeTPOB
3a/]aHbl CBOVICTBA MOJIJABAEMOI CMECH, BpEMSI I UHTEHCUBHOCTb 3aKaYKW, MOIYJIU fiechop-
Mauuu. B pe3yibTare BbITOJIHEHHOIO pacyeTa MOy4YeHbl [JJIMHbI TPELWMH, COOCTABU-
Mbl€ C pe3yJbTaTamMM pacueTa Ha 3apyOexkHoM aHajore. IIpu aTom HaumbGosblias
TOYHOCTb HAOJIOAAETCS NPU pacyeTe MPUHbI TpellyHbl. 118 wimocTpauyud padboThl
MPOrpaMMHOIO MOJTYJIsI, OCHOBAaHHOT'O Ha PaCCMAaTPUBAEMOI MATEMATUYECKON MOJIEIIH,
Ha puc. 4 IPUBEJICHbI PE3YJIbTAThl PACUETOB COCTOSIHUS TPEIIMHbI B HEKOTOPbIN MPO-
V3BOJIbHBIA MOMEHT BPEMEHH.

[TopBoOps UTOr, OTMETUM, YTO COBEPLIEHCTBOBAHME METOIOB MofiesinpoBanust ['PI1 He-
00XO/IMMO KaK C 3KOHOMUYECKOW, TaK M HAy4YHOW TOUYKM 3peHusi. Poccuiickue Hay4HbIe
pa3pabOTKU B 00JIACTU MATEMATUYECKOTO MOJIETMPOBAHUS UMEIOT OOJbILIOE MPAKTUYE-
CKO€ 3HAauYeHUe JJ1s1 He(pTIHBIX KOMITAHUI.
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